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Equations of motion
We present an inﬁnite set of higher equations of motion in N = 2 supersymmetric Liouville ﬁeld theory.
They are in one to one correspondence with the degenerate representations and are enumerated in
addition to the U (1) charge ω by the positive integers m or (m,n) respectively. We check that in the
classical limit these equations hold as relations among the classical ﬁelds.
© 2010 Elsevier B.V.
In Ref. [1] it has been shown that in the Liouville ﬁeld theory (LFT) an inﬁnite set of relations holds for quantum operators. These
equations relate different basic Liouville primary ﬁelds Vα(z) (Vα can be thought of as normal ordered exponential ﬁeld exp(αφ) of the
basic Liouville ﬁeld φ). They are parameterized by a pair of positive integers (m,n) and are called conventionally “higher equations of
motion” (HEM), because the ﬁrst one (1,1) coincides with the usual Liouville equation of motion. The equations are derived on the basis
of a conjecture of the vanishing of all singular vectors, imposed by the requirement of irreducibility of the corresponding representation.
They are easily veriﬁed in the classical LFT. Higher equations turn out to be useful in practical calculations. In particular, in [2–5], they
were used to derive general four-point correlation function in the minimal Liouville gravity.
Similar operator valued relations have been found also for N = 1 supersymmetric Liouville ﬁeld theory (SLFT) [6] and for SL(2, R)
Wess–Zumino–Novikov–Witten model [7,8]. Recently it was shown in [9] that such relations hold for the boundary operators in the LFT
with conformal boundary.
It is the purpose of this Letter to reveal a similar set of higher equations of motion in N = 2 SLFT. The N = 2 SLFT has a wide
variety of applications in string theory [10–12]. This theory is quite interesting because of the fact that it has actually few properties
in common with the N = 0,1 SLFTs. For example, unlike the Liouville theories with less supersymmetry, the N = 2 SLFT does not have
a simple strong–weak coupling duality. In fact, under the change b → 1/b of the coupling constant, the N = 2 SLFT ﬂows to another
N = 2 supersymmetric theory as proposed in [13,14]. Another important difference between the N = 2 SLFT and the N = 0,1 SLFTs is
the spectrum of the degenerate representations [15–17] (see also [18,19]). We will show below that the N = 2 SLFT still possesses higher
equations of motion despite these differences.
1. N = 2 SLFT
The N = 2 SLFT is based on the Lagrangian:
L= 1
2π
(
∂φ−∂¯φ+ + ∂φ+∂¯φ− + ψ−∂¯ψ+ + ψ+∂¯ψ− + ψ¯−∂ψ¯+ + ψ¯+∂ψ¯−)
+ iμb2ψ−ψ¯−ebφ+ + iμb2ψ+ψ¯+ebφ− + πμ2b2ebφ++bφ− (1)
* Corresponding author at: Department of Physics, Ewha Womans University, Seoul 120-750, South Korea.
E-mail addresses: ahn@ewha.ac.kr (C. Ahn), marian@inrne.bas.bg (M. Stanishkov), mstoilov@inrne.bas.bg (M. Stoilov).
1 On leave of absence from INRNE, BAS, Bulgaria.
Open access under CC BY license.0370-2693 © 2010 Elsevier B.V.
doi:10.1016/j.physletb.2010.11.057
Open access under CC BY license.
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invariant under the N = 2 superconformal algebra:
[Lm, Ln] = (m − n)Lm+n + c
12
(
m3 −m)δm+n,
[
Lm,G
±
r
]=
(
m
2
− r
)
G±m+r,
[
Jn,G
±
r
]= ±G±n+r,
{
G+r ,G−s
}= 2Lr+s + (r − s) Jr+s + c
3
(
r2 − 1
4
)
δr+s,
[Lm, Jn] = −n Jm+n, [ Jm, Jn] = c
3
δm+n, (2)
where Lm,G±r and Jn are the modes of the corresponding conserved currents, the stress–energy tensor T (z), the super-current G(z) and
the U (1) current J (z), and the central charge is:
c = 3+ 6
b2
.
These are the left handed generators, there are in addition the right handed ones L¯n , J¯n , G¯±r closing the same algebra.
The basic objects are the primary ﬁelds (normal ordered exponents):
Nα,α¯ = eαφ++α¯φ− ,
the corresponding states being annihilated by the positive modes. These are the primary ﬁelds in the Neveu–Schwartz (NS) sector with r,
s in (2) half-integer. There are in addition also Ramond (r, s — integer) primary ﬁelds Rα,α¯ but we will not be concerned with them in
this Letter. The conformal dimension and the U (1) charge of the primary ﬁelds are:
	α,α¯ = −αα¯ + 12b (α + α¯), ω =
1
b
(α − α¯). (3)
Among the primary ﬁelds there is a series of degenerate ﬁelds of the N = 2 SLFT. They are characterized by the fact that at certain
level of the corresponding conformal family a new primary ﬁeld (i.e. annihilated by all positive modes) appears. Such ﬁelds can be divided
in three classes (see e.g. [18]).
Class I degenerate ﬁelds are given by
Nωm,n = Nαωm,n,α¯ωm,n ,
αωm,n =
1−m
2b
+ (ω − n)b
2
,
α¯ωm,n =
1−m
2b
− (ω + n)b
2
(4)
m, n are positive integers. Nωm,n is degenerate at level mn and relative U (1) charge zero. The irreducibility of the corresponding represen-
tations is assured by imposing the null-vector condition Dωm,nN
ω
m,n = 0, D¯ωm,nNωm,n = 0, where Dωm,n is a polynomial of the generators in (2)
of degree mn and has U (1) charge zero. It is normalized by choosing the coeﬃcient in front of (L−1)mn to be 1. Let us give some examples
of the corresponding null-operators:
Dω1,1 = L−1 −
1
2
b2(1+ ω) J−1 + 1
ω − 1G
+
− 12
G−− 12
,
Dω1,2 = L2−1 + b2L−2 − b2(1+ ω)L−1 J−1 +
b2
2
(
1+ ω − b2(2+ ω)) J−2
+ b
4
4
ω(ω + 2) J2−1 +
2
ω − 2 L−1G
+
− 12
G−− 12
− b
2ω
ω − 2 J−1G
+
− 12
G−− 12
− b
2
2
G+− 12
G−− 32
+ b
2
2
ω + 2
ω − 2G
+
− 32
G−− 12
,
Dω2,1 = L2−1 +
1
b2
L−2 − b2(1+ ω)L−1 J−1 + 1
2
(
b2(1+ ω) − ω − 2) J−2
+ 1
4
(
b4(ω + 1)2 − 1) J2−1 + 2b
4ω
b4(ω − 1)2 − 1 L−1G
+
− 12
G−− 12
− b
2 + b6(ω2 − 1)
b4(ω − 1)2 − 1 J−1G
+
− 12
G−− 12
− b
4(ω + 1) + b2 − 2
2+ 2b2(ω − 1) G
+
− 12
G−− 32
+ 2− b
2 + b4(ω − 1)(1+ b2(ω + 1))
2(b4(ω − 1)2 − 1) G
+
− 32
G−− 12
. (5)
The second class of degenerate ﬁelds is denoted by Nωm and comes in two subclasses IIA and IIB:
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class IIB: Nωm = Nα0m,α¯ωm ω < 0, (6)
where
αωm =
1−m
2b
+ ωb, α¯ωm =
1−m
2b
− ωb. (7)
Here m is an odd positive integer number and the level of degeneracy of Nωm is
m
2 , relative charge ±1. In this case the operator Dωm
is a polynomial of “degree” m/2, the coeﬃcient in front of L
m−1
2−1 G
±
− 12
is chosen to be 1. Analogously to the class I we have to impose
DωmN
ω
m = D¯ωmNωm = 0. Here are the ﬁrst examples for class IIA ﬁelds:
Dω1 = G+− 12 ,
Dω3 = L−1G+− 12 − J−1G
+
− 12
+
(
2
b2
− ω
)
G+− 32
,
Dω5 = L2−1G+− 12 +
(
4
b2
− ω − 1
)
L−2G+− 12
− 3L−1 J−1G+− 12 + 2 J
2−1G
+
− 12
+
(
5
2
− 6
b2
+ 3
2
ω
)
J−2G+− 12
+
(
1+ 6
b2
− 2ω
)
L−1G+− 32
+ 4
(
ω − 3
b2
)
J−1G+− 32
− 1
2
G+− 32
G+− 12
G−− 12
+
(
24
b4
− 14ω
b2
+ 2ω2 − 1
)
G+− 52
. (8)
The null-operators for class IIB ﬁelds are obtained from (8) by changing G± → G∓ and ω → −ω.
A special case of class IIA (B) ﬁelds are the chiral (antichiral) ﬁelds with m = 1. The class II ﬁelds having U (1) charge zero are classiﬁed
in a separate class III ﬁelds. The simplest m = 1 ﬁeld here represents the identity operator.
2. Norms of the null-states
Let us now consider, for a further use, the norms of the states created by applying the null-operators on primary states |α〉. As
explained above, such sates should vanish at α = αωM . Taking the ﬁrst terms in the corresponding Taylor expansion, we deﬁne:
rωM = ∂α〈α, α¯|Dω†M DωM |α, α¯〉|α=αωM ,α¯=α¯ωM ,
r¯ωM = ∂α¯〈α, α¯|Dω†M DωM |α, α¯〉|α=αωM ,α¯=α¯ωM (9)
for both classes of representations, M = m or (m,n), where DωM is the corresponding null-operator and Dω†M is deﬁned as usual through
L†n = L−n , J †n = J−n , (G±r )† = G∓−r .
One can compute “by hand” the ﬁrst few r’s. With the use of the explicit form of the null-operators (5) we ﬁnd for the class I ﬁelds:
rω1,1 =
1
b
(1+ b2)(1+ ω)
(−1+ ω) ,
rω1,2 =
−2
b
(1− b2)(1+ b2)(1+ 2b2)(2+ ω)
(−2+ ω) ,
rω1,3 =
12
b
(1− 2b2)(1− b2)(1+ b2)(1+ 2b2)(1+ 3b2)(3+ ω)
(−3+ ω) ,
rω2,1 =
2
b5
(1− b2)(1+ b2)(2+ b2)(−1+ b2 + b2ω)(1+ b2 + b2ω)
(−1− b2 + b2ω)(1− b2 + b2ω) ,
rω3,1 =
12
b9
(2− b2)(1− b2)(1+ b2)(2+ b2)(3+ b2)(1+ ω)(−2+ b2 + b2ω)(2+ b2 + b2ω)
(−1+ ω)(−2− b2 + b2ω)(2− b2 + b2ω)
and r¯ωm,n = rωm,n for all the examples above. Based on these expression we propose for the general form of rωm,n:
rωm,n = r¯ωm,n =
m∏
l=1−m
n∏
k=1−n
(
l
b
+ kb
) m−1∏
l=1−m, mod 2
(
l − (n + ω)b2
l + (n − ω)b2
)
. (10)
Similarly, from (8) we have for the class IIA:
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(
1
b
− ωb
)
,
r¯ω3 =
2
b5
(
2− b2ω)(3− b2ω)(2− b2 − b2ω),
r¯ω5 =
8
b9
(
3− b2ω)(4− b2ω)(5− b2ω)(3− b2 − b2ω)(4− b2 − b2ω),
r¯ω7 =
72
b13
(
4− b2ω)(5− b2ω)(6− b2ω)(7− b2ω)(4− b2 − b2ω)(5− b2 − b2ω)(6− b2 − b2ω),
rωm = 0, m = 1,3,5,7.
These expressions can be ﬁtted in a general form of rωm and r¯
ω
m:
rωm = 0,
r¯ωm = 2Γ 2
(
m + 1
2
)
b1−m
m∏
l=m+12
(
l
b
− bω
) m−1∏
l=m+12
(
l
b
− b(ω + 1)
)
. (11)
For the class IIB ﬁelds one obtains r¯ωm = 0 and rωm is as r¯ωm in (11) with the change ω → −ω.
3. Logarithmic ﬁelds and HEM
Let us now introduce the so-called logarithmic ﬁelds. They are deﬁned as:
N ′α,α¯ = ∂αNα,α¯, N¯ ′α,α¯ = ∂α¯Nα,α¯ .
One can introduce also the logarithmic primary ﬁelds corresponding to degenerate ﬁelds by:
N ′ωM = N ′α,α¯ |α=αωM ,α¯=α¯ωM , N¯ ′ωM = N¯ ′α,α¯ |α=αωM ,α¯=α¯ωM (12)
where M is (m,n) for class I and M is m for class II ﬁelds respectively. The basic statement about the ﬁelds (12) is that
N˜ωM = D¯ωMDωMN ′ωM , ˜¯NωM = D¯ωMDωM N¯ ′ωM (13)
with DωM , D¯
ω
M as in (5), (8) are again primary. The proof of this statement goes along the same lines as for N = 0,1 SLFT [1,6] so we will
not repeat it here.
Comparing the dimension and U (1) charge for class I ﬁelds: 	˜m,n = 	m,n +mn, ω˜ = ω we conclude that the ﬁelds (13) are proportional
to Nωm,−n . Thus, we arrive at the higher equations of motion (HEM) for the class I ﬁelds:
D¯ωm,nD
ω
m,nN
′ω
m,n = Bωm,nNωm,−n, D¯ωm,nDωm,nN¯ ′ωm,n = B¯ωm,nNωm,−n. (14)
For class IIA (B) the dimension of the resulting primaries in (13) is 	˜ωm = 	ωm + m2 , the U (1) charges are ω˜ = ω + 1 (ω˜ = ω − 1)
respectively, and the HEMs in this case are:
D¯ωmD
ω
mN
′ω
m = BωmNω±1m , D¯ωmDωmN¯ ′ωm = B¯ωmNω±1m . (15)
Computation of Bωm,n (B¯
ω
m,n) and B
ω
m (B¯
ω
m) is the ﬁnal goal of this Letter. HEMs (14) and (15) are to be understood in an operator sense,
i.e. they should hold for any correlation function. Here we will insert them into the simplest one-point function on the so-called Poincaré
disk [20]. In this case we have:
〈
B1
∣∣D¯ωMDωMN ′ωM 〉= 〈B1∣∣N˜ωM 〉, 〈B1∣∣D¯ωMDωM N¯ ′ωM 〉= 〈B1∣∣ ˜¯NωM 〉.
The boundary state 〈B1| corresponds to the identity boundary conditions on the Poincaré disc. It enjoys N = 2 superconformal invariance:
〈B1|G¯±r = −i〈B1|G∓−r = −i〈B1|
(
G±r
)†
, 〈B1|L¯n = 〈B1|(Ln)†, 〈B1| J¯n = 〈B1|( Jn)†
(so-called A-type boundary conditions, see e.g. [21]).
With the deﬁnition of r’s in (9) the HEMs (14) and (15) take the form:
rωm,nU1(m,n;ω) = Bωm,nU1(m,−n;ω),
r¯ωm,nU1(m,n;ω) = B¯ωm,nU1(m,−n;ω) (16)
for class I, and
rωmU1(m,ω) = iBωmU1(m,ω ± 1),
r¯ωmU1(m,ω) = i B¯ωmU1(m,ω ± 1) (17)
for class II. Here U1 is the one-point function for “identity boundary conditions” of the corresponding ﬁeld. In (17) the factor i’s appear
because the class II null-operators are fermionic, and + (−) refers to class IIA (IIB).
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form:
U1(α, α¯) = Γ
(
b−2
)
(πμ)−
1
b (α+α¯) Γ (1− αb)Γ (1− α¯b)
Γ (−α+α¯b + 1b2 )Γ (2− b(α + α¯))
.
With the speciﬁc values (4) the ratio of one-point functions of class I ﬁelds then is:
U1(m,n;ω)
U1(m,−n;ω) = (πμ)
2n γ (1+m − nb2)∏n−1
k=−n(
m
b2
+ k)∏ml=−m(l + nb2)
γ ( 1−m2 + (n − ω) b
2
2 )
γ ( 1−m2 − (n + ω) b
2
2 )
m−1∏
l=1−m, mod 2
(
l + (n − ω)b2
l − (n + ω)b2
)
and for the HEM coeﬃcient we obtain:
Bωm,n = B¯ωm,n = rωm,n
U1(m,n;ω)
U1(m,−n;ω)
= (πμ)2nb1+2n−2mγ (m − nb2)γ ( 1−m2 + (n − ω) b
2
2 )
γ ( 1−m2 − (n + ω) b
2
2 )
m−1∏
l=1−m
n−1∏
k=1−n
(
l
b
+ kb
)
, (18)
where we impose that (k, l) = (0,0) is excluded in the product.
Analogously for class IIA ﬁelds:
U1(m,ω)
U1(m,ω + 1) = πμb
∏m−1
l=m+12
( lb − b(ω + 1))∏m
l=m+12
( lb − bω)
and
Bωm = 0,
B¯ωm = −ir¯ωm
U1(m,ω)
U1(m,ω + 1) = −2π iμb
2−mΓ 2
(
m + 1
2
) m−1∏
l=m+12
(
l
b
− b(ω + 1)
)2
. (19)
For class IIB B and B¯ are exchanged and ω is replaced by −ω. Equalities (18) and (19) are the main results of this Letter.
4. Classical limit
In the classical limit b → 0: bφ → ϕ , βψ → ψ , πμb2 → M the Lagrangian L→ 1
2πb2
L. The corresponding equations of motion are
given by
∂¯ψ± = −iMψ¯∓eϕ± , ∂ψ¯± = iMψ∓eϕ± ,
∂∂¯ϕ± = iMψ±ψ¯±eϕ∓ + M2eϕ++ϕ− . (20)
The holomorphic currents
T = −∂ϕ−∂ϕ+ − 1
2
(
ψ−∂ψ+ + ψ+∂ψ−)+ 1
2
(
∂2ϕ+ + ∂2ϕ−),
S± = −i√2(ψ±∂ϕ± − ∂ψ±), J = ∂ϕ+ − ∂ϕ− − ψ−ψ+, (21)
are conserved by ∂¯T = ∂¯ S± = ∂¯ J = 0 on the equations of motion and similarly for the antiholomorphic ones. One has to introduce also
the generators of N = 2 supersymmetry G± and G¯±:
G±ϕ∓ = i√2ψ±, G±ϕ± = 0
G¯±ϕ∓ = i√2ψ¯±, G¯±ϕ± = 0 (22)
obeying the algebra:
{
G+,G−
}= 2∂, {G±,G±}= {G¯±, G¯±}= 0,{
G¯+, G¯−
}= 2∂¯, {G, G¯} = 0. (23)
For the class IIA ﬁelds only the chiral ﬁelds, Nω1 = eωbφ
+
, has a classical limit. Their HEMs take the form:
G¯+− 12
G+− 12
φ+Nω1 = 0, G¯+− 12 G
+
− 12
φ−Nω1 = Bω1 Nω+11 ,
where Bω1 = −2π iμb can be read from (19). In the classical limit along with the analogous HEMs for class IIB antichiral ﬁelds with ω = 0,
these become:
506 C. Ahn et al. / Physics Letters B 695 (2011) 501–506G¯±G±ϕ∓ = −2iMeϕ± .
Together with (22) and the algebra (23) these relations encode the equations of motion (20).
From the class I ﬁelds only the series Nω1,n has a classical limit, the simplest “classical null-operators” being:
Dω(cl)1,1 = ∂ −
1
2
(ω + 1) J + 1
ω − 1G
+G−,
Dω(cl)1,2 = ∂2 − (ω + 1) J∂ −
1
2
(ω + 2)∂ J + 1
4
ω(ω + 2) J2 + 2
ω − 2G
+G−∂ − ω
ω − 2 J G
+G− − 1
2
S−G+ + 1
2
ω + 2
ω − 2 S
+G−.
It is easy to check, using the algebra (23) and the explicit form of the currents (21), that the classical expressions of the corresponding
null-vector conditions is:
Dω(cl)1,1 e
( 12 (ω−1)ϕ+− 12 (ω+1)ϕ−) = 0,
Dω(cl)1,2 e
( 12 (ω−2)ϕ+− 12 (ω+2)ϕ−) = 0.
The same is of course true also for D¯ω(cl)1,1 , D¯
ω(cl)
1,2 . Then, with the help of (22) and the equations of motion (20), we ﬁnd that the classical
HEMs then take the form:
D¯ω(cl)1,1 D
ω(cl)
1,1 ϕ
±e(
1
2 (ω−1)ϕ+− 12 (ω+1)ϕ−) = ω + 1
ω − 1M
2e(
1
2 (ω+1)ϕ+− 12 (ω−1)ϕ−),
D¯ω(cl)1,2 D
ω(cl)
1,2 ϕ
±e(
1
2 (ω−2)ϕ+− 12 (ω+2)ϕ−) = −2ω + 2
ω − 2M
4e(
1
2 (ω+2)ϕ+− 12 (ω−2)ϕ−).
This is in a perfect agreement with (14) if we take into account that the classical limit, b → 0, of Bω1,n = B¯ω1,n from (18) is:
Bω1,n → (−1)n+1
ω + n
ω − nn!(n − 1)!b
−1(πμb2)2n.
To conclude, we presented relations among primary ﬁelds, the higher equations of motion, in N = 2 supersymmetric Liouville ﬁeld
theory. We stress that, since in general the null-vectors of this theory are unknown, our results (18) and (19) should be understood as a
proposal. Also, we were concerned in this Letter with primary ﬁelds from the NS sector only. Since the Ramond sector in N = 2 SLFT is
not very different, in particular the degenerate ﬁelds fall into the same classes, we expect that very similar HEMs hold for them too.
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